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Abstract
Mean motion resonances play a fundamental role in the dynamics of the small
bodies of the Solar System. The last decades of the 20th century gave us a
detailed description of the dynamics as well as the process of capture of small
bodies in coplanar or small inclination resonant orbits. More recently, semian-
alytical or numerical methods allowed us to explore the behavior of resonant
motions for arbitrary inclination orbits. The emerging dynamics is very rich,
including large orbital changes due to secular effects inside mean motion reso-
nances. The process of capture in highly inclined or retrograde resonant orbits
was addressed showing that the capture in retrograde resonances is more effi-
cient than in direct ones. A new terminology appeared in order to characterize
the properties of the resonances. Numerical explorations in the transneptunian
region showed the relevance and the particular dynamics of the exterior reso-
nances with Neptune which can account for some of the known high perihelion
orbits in the scattered disk. Moreover, several asteroids evolving in resonance
with planets other than Jupiter or Neptune were found and a large number of
asteroids in three-body resonances were identified.
Keywords: Asteroids, dynamics, Celestial mechanics, Resonances, orbital,
Kuiper belt
1. Introduction
An orbital resonance occurs when there is a commensurability between fre-
quencies associated with the orbital motion of some bodies. These frequencies
can include the mean motion n of the bodies (in which case we speak of a mean-
motion resonance), or exclusively secular (low) frequencies associated with the
long term evolution of the longitude of the nodes, Ω or the longitude of the
perihelia, $. In the dynamics of small Solar System bodies, these commensu-
rabilities can generate two-body mean-motion resonances, involving the mean
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longitudes of the asteroid and one planet, three-body mean motion resonances,
involving the mean longitudes of the asteroid and two planets, secular reso-
nances involving longitudes of the perihelia and nodes and the Kozai-Lidov
(KL) mechanism involving the asteroid’s argument of the perihelion, ω = $−Ω
(Shevchenko, 2017). A very concise but complete review on orbital resonances
can be found in Malhotra (1998). In this paper we will refer only to two-
body mean motion resonances (hereafter 2BRs) and three-body mean motion
resonances (hereafter 3BRs) or, in general, mean motion resonances (hereafter
MMRs). We will focus on the main advances of the 21st century, for earlier
reviews the reader may consult for example Nesvorny´ et al. (2002), Malhotra
(1998) or Peale (1976).
When an asteroid, or more generally, a minor body is in a 2BR with a
planet of mass m1 their mean motions verify k0n0 + k1n1 ∼ 0 being n0 and n1
the mean motions of the minor body and the planet respectively and k0 and
k1 small integers with different sign. In that case we say that the asteroid is in
the resonance |k1| : |k0|. From theories developed and valid for low-inclination
orbits it was proved that the resonance’s strength is approximately proportional
to m1e
q, being e the orbital eccentricity of the resonant minor body and where
q = |k0 + k1| is the order of the resonance (Murray and Dermott, 1999). It
turns out that when considering low-inclination orbits, being e < 1, only low
order resonances have dynamical interest (the high-order ones have negligible
strength). The above criteria for resonant motion is just an approximation and
the precise definition of the resonant state is given by the behavior of the critical
angle σ = k0λ0 + k1λ1 + γ being λi the quick varying mean longitudes and γ a
slow evolving angle defined by a linear combination of the Ωi and $i involved.
A resonant motion is characterized by an oscillation, or libration, of the critical
angle around a stable equilibrium point. In the low-inclination approximation
they are located at σ = 0◦ or σ = 180◦ except for exterior resonances of the type
1:k and 1:1 resonances for which the locations depend on the orbital eccentricity,
which is why they are known as asymmetric. A very special case of 2BR that
has deserved a lot of attention along the history of celestial mechanics since
Lagrange’s times is the strong 1:1 resonance, that means coorbital objects like
Jupiter’s trojans and quasi-satellites.
On the other hand a minor body is in a 3BR with two planets of mass m1
and m2 when the mean motions verify k0n0 + k1n1 + k2n2 ∼ 0. From theories
developed for zero inclination orbits it was proved that the resonance’s strength
is approximately proportional to m1m2e
q, where q = |k0 + k1 + k2| is the order
of the resonance (Nesvorny´ and Morbidelli, 1999). It is clear that being the
masses expressed in units of solar masses the 3BRs are orders of magnitude
weaker than 2BRs. It is important to stress that the 3BRs are not necessarily
the result of the superposition of 2BRs between the intervening bodies as can
be the case of the Galilean satellites of Jupiter or some extrasolar planetary
systems (Gallardo et al., 2016). Three-body resonances exhibit also asymmetric
equilibrium points as was showed by Gallardo (2014).
The commensurabilities above mentioned generate, in the long term, mean
planetary perturbations on the minor body that are very different from the per-
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turbations that a non resonant minor body experiences. The small planetary
perturbation given at the right frequency gradually sums up instead of cancel-
ing out. Resonances do not emerge as instantaneous dynamical effects as, for
example, a close encounter with a planet does. On the contrary, it is necessary
to let the system evolve for several orbital revolutions in order that the minor
body starts to feel the resonant gravitational potential.
The resonant motion is characterized by a regular small amplitude oscilla-
tion of the semi-major axis which preserves its mean value constant over time.
This mean value is given by the corresponding mean motion n0 defined by the
resonant relation. These oscillations are correlated with oscillations in the or-
bital eccentricity and the librations of the critical angle σ. The frequency of the
small amplitude oscillations are related to the resonance’s strength: stronger
resonances exhibit higher frequency oscillations (Ferraz-Mello, 2007). These
oscillations are a protective mechanism that guarantees the constancy of the
semimajor axis in front of other perturbations that the object can be exposed
to. In particular, a chaotic diffusion of semi-major axis is immediately stopped
(at least temporarily) if a capture in MMR occurs. This process is very common
when simulating the orbital dynamics of minor bodies. However, the long-term
orbital evolution of the body inside the resonance can lead to major orbital
changes in eccentricity and inclination, eventually bringing the small body close
to collisions with other planets or the Sun. These large orbital variations are
generated by secular mechanisms inside the resonance and not by the resonance
itself. The secular mechanisms can be secular resonances, secondary resonances
or the KL mechanism (Morbidelli, 2002).
Resonances constitute a very rich dynamical problem that have captivated
the astronomers contributing greatly to understanding the dynamics of plane-
tary systems. A good review of the state of arts up to the beginning of 21st
century can be found for example in Nesvorny´ et al. (2002). The main ad-
vances in our knowledge of MMRs of the last years can be summarized in: a)
the introduction of semi-analytical theories where the resonant disturbing func-
tion does not rely anymore on power series developments, b) a new terminology
characterizing the resonances like stickiness, strength and mobility time, c) the
generalization of existing models to large-inclination cases, d) the systematic
study of the secular effects inside the resonances in the transneptunian region
and e) the inclusion of other planets than Jupiter or Neptune into the scene and
the study of three-body resonances. These points are detailed respectively in
Sections 2 to 6.
It is known that constructing an histogram of the asteroid’s osculating a
the Kirkwood gaps show up. But an histogram of the proper a (Murray and
Dermott, 1999; Knezevic et al., 2002) reveals a very rich structure in the main
belt of asteroids due to the dynamical effects of the MMRs. Proper a are very
close to mean a for resonant objects and consequently they are concentrated
close to the nominal a of the resonance generating the observed concentrations.
In the histogram showed in figure 1 we can find the classic gaps but also a
succession of minor gaps and evident peaks associated to weak 2BRs and 3BRs
mainly involving Mars, Jupiter and Saturn. These peaks and gaps are produced
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Figure 1: Histogram of proper a (black line) taken from AstDyS (hamilton.dm.unipi.it/astdys)
in a normalized scale plus 2BRs (thin blue lines) and 3BRs (thick red lines). The height
associated to each resonance is in logarithmic scale and indicate the relative strength calculated
for a test particle with e = 0.2, i = 10◦ and ω = 60◦. The scales for 2BRs and 3BRs are
different. Reproduced from Gallardo (2014).
by temporary captures in MMRs. In a plot of proper e versus proper a the
resonant structure is clearly shown for every resonance capable of producing
some dynamical effect (figure 2). In this figure we can see that each resonance
generates a peak at the nominal position of the resonance and small gaps at
both sides.
2. Semianalytical perturbing function
The dynamical behavior of a resonant asteroid is determined by the resonant
disturbing function, R(σ), which in a first approximation can be thought as the
mean over some time interval of the gravitational perturbation of the planet
on the asteroid. The disturbing function can be obtained by means of series
expansions of the orbital elements followed by analytical averaging methods
(Ferraz-Mello, 2007). Such an explicit expression for R(σ) is very convenient
for understanding the resonant dynamics, but as every series expansion, it is
limited to restricted regions of the space of orbital elements. On the other
hand, the increasing power of computers now allows to compute the disturbing
function numerically, without using any series expansion. Even if the result is
not as easy to use as an explicit expression, it is not restricted to particular
domains. It can thus be used to obtain the equilibrium points and strengths of
arbitrary resonances for minor bodies with arbitrary orbital elements (Gallardo,
2006, 2007a).
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Figure 2: Proper eccentricity versus proper semimajor axis taken from AstDyS. Resonances
appear as vertical structures with increasing width for increasing e. The structure at a ∼ 3.075
au is produced by a superposition of two resonances (see figure 8) and the border at the right
is due to the 2:1 resonance with Jupiter.
The numerical computation of a disturbing function gives place to the so-
called semianalytical methods, (see for example Bailey et al. (1992); Thomas
and Morbidelli (1996)). In these methods the system of differential equations
of the analytical methods are preserved but whenever the disturbing function
appears its calculation is done numerically. In the case of a resonant problem,
the numerical calculation of R(σ) allows us to obtain a good description of the
resonance.
That technique shows, for example, that the equilibrium points for high-
inclination orbits are considerably shifted from the classic values σ = 0◦ or
σ = 180◦ obtained for near-zero inclinations orbits (figure 3). The picture
of the resonant motion we have constructed for coplanar orbits offers now a
wide diversity. Codes for the numerical computation of the resonant disturbing
function can be found at www.fisica.edu.uy/∼gallardo/atlas/.
Gallardo (2006) proposed to define SR(e, i) =< R > −Rmin, more or less the
semiamplitude of the numerically computed R(σ), as proxy for the resonance’s
strength and using this criteria an atlas of 2BRs in the Solar System can be
constructed easily. A very complex forest of 2BRs involving the terrestrial
planets emerges for asteroids with a < 2 au and a beautiful regular pattern
due to the exterior resonances with Neptune appears for a > 30 au (figure 4).
5
 0.182
 0.184
 0.186
 0.188
 0.19
 0.192
 0.194
 0.196
 0  60  120  180  240  300  360
R
(σ)
σ
Figure 3: Resonant disturbing function R(σ) for resonance 3:1 with Jupiter computed numer-
ically for an orbit with e = 0.2, i = 70◦ and ω = 45◦. There is a stable equilibrium point at
σ ∼ 100◦ (minimum R(σ)) and an unstable one at σ ∼ 280◦ (maximum R(σ)).
This figure shows that beyond Neptune the resonances of the type 1:k and 2:k
dominate because of their strength but also because they are isolated from other
perturbing resonances. The known population of TNOs in exterior MMRs with
Neptune has been increased with confirmed identifications up to the exterior
2:9 resonance at a ∼ 82 au (Volk et al., 2016; Bannister et al., 2016).
3. Linking strength with width, stickiness and average time lead/lag
The maximum amplitude of the librations of the critical angle and the semi-
major axis define an interval in au where the resonance dominates. This can
be seen for example in figure 1 of Nesvorny´ et al. (2002). The width of a MMR
is the extension in au covered by the resonance around its nominal position in
semimajor axis defined by n0. For low-inclination orbits it goes approximately
with eq and consequently vanishes for near zero eccentricity orbits. Inside this
region the critical angle σ oscillates and outside these limits it circulates being
the limiting curve the separatrix (Nesvorny´ et al., 2002). When considering
a single perturbing term, it is possible to correlate the strength SR with the
resonance’s width as has been done by Soja et al. (2011) in the framework of a
study of meteoroid streams.
The stickiness can be defined as the ability of the resonance to retain mi-
nor bodies evolving inside or outside the resonance domains but sticked to the
borders. In these situations the critical angle shows circulations or very large
amplitude oscillations but the dynamical effects of the resonance are present
and they do not allow the semimajor axis to evolve from the proximities of
the resonance. It is a chaotic evolution which makes the semimajor axis to
evolve switching between both sides of the resonance, sometimes at the right
and sometimes at the left of the resonance. An asteroid experiencing a con-
tinuous variation ∆a in its semimajor axis due to Yarkovsky’s effect (Bottke
et al., 2006), when reaching a resonance, will be retained in a sticked motion
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Figure 4: System of exterior resonances with Neptune (N) and Uranus (U). The resonance’s
strength is calculated assuming test particles with perihelion at 32 au, i = 20◦ and ω = 60◦.
Resonances 1:k are the strongest most isolated ones and the most likely to house TNOs.
Reproduced from Gallardo (2006).
during an interval of time that is related to the resonance’s strength. This was
first studied systematically by Lykawka and Mukai (2007) in the transneptunian
region obtaining a very good correspondence between the resonance’s strength
and the time evolving in sticking.
The average time lead/lag, < dtr >, was introduced by Milic´ Zˇitnik and
Novakovic´ (2016) in the context of a study of the orbital evolution of asteroids
under the Yarkovsky effect. They observed that an asteroid with a varying
a, due for example to Yarkovsky’s effect and regardless the sign of ∆a, when
encountering a resonance is either retained or expelled from the resonance in a
time scale related to the resonance’s strength. Then, the resonance’s strength
not only can slow down the time variations of the asteroid semimajor axis by
means of sticking but also can accelerate it jumping the resonance.
4. High-inclination orbits
The publication of new analytical expansions for non planar resonant prob-
lems (for example Roig et al. (1998); Ellis and Murray (2000)) stimulated the
analytical studies of the resonant motion for orbits with large mutual inclina-
tion and, very recently, the problem of the extreme cases of planar retrograde
and polar resonances (Morais and Namouni, 2013b; Namouni and Morais, 2017).
Surprisingly, an object with almost planar retrograde orbit in resonance 1:1 with
Jupiter was discovered following very closely the predictions (Wiegert et al.,
2017). Moreover, numerical experiments show that captures in retrograde res-
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onances with Jupiter and Saturn are very common for fictitious test particles
(Morais and Namouni, 2013a; Namouni and Morais, 2015). In particular it was
showed that the capture of long period comets in exterior resonances of the type
1:k with Jupiter is very frequent, up to the resonance 1:21 (Ferna´ndez et al.,
2016). Figure 5 represents the orbital states of the population of long period
comets with perihelion < 2.5 au plus clones integrated numerically for 4 Myrs.
The concentration of orbital states around some defined values of < a > are
due to the capture in exterior resonances with Jupiter and they occur more
frequently for retrograde orbits. This highlights the fact that the resonances
are not limited to low-inclination orbits and, on the contrary, are very relevant
in orbits with large inclinations. Indeed, these studies show that retrograde
resonant orbits are frequent for comets and centaurs evolving between the giant
planets (Ferna´ndez et al., 2017).
Figure 5: Orbital states of long period comets plus clones given by their mean semimajor axis
and mean inclinations calculated using time intervals of 104 years integrated numerically for
4 Myrs. The vertical structures correspond to orbital states of objects captured in exterior
resonances with Jupiter, mainly 1:k and 2:k. Figure adapted from Ferna´ndez et al. (2016).
The resonance’s strength SR(e, i) for arbitrary inclinations can be explored
following the numerical approach proposed by Gallardo (2006). For example
figure 6 shows SR(e, i) for the 3:1 resonance with Jupiter. We can verify that
for low-inclination orbits SR ∝ eq as planar theories predicted, but for large
inclinations this behavior is not verified anymore, and in particular, for 60◦ .
i . 100◦ the strength is almost independent of the eccentricity. Moreover, for
i ∼ 180◦ it is remarkable that the dependence of SR with the eccentricity is
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steeper than eq, as was demonstrated for the coplanar retrograde resonances by
Morais and Giuppone (2012).
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Figure 6: Strength SR(e, i) in relative units for resonance 3:1 with Jupiter. Level curves in
logarithmic scale increasing from left to right. For the calculations it was taken ω = 45◦.
There is a strong dependence with e for i ∼ 0◦ and i ∼ 180◦ but almost null dependence with
e for 60◦ . i . 100◦.
5. Long term evolution
The long term secular evolution of asteroids inside 2BRs with Jupiter was
very well documented in the past starting from the pioneer works by Wisdom
(1982) and Wisdom (1985). In the last years a good progress has been done in
the theory of the long term evolution of TNOs in resonance with Neptune (see
for example Sˇidlichovsky´ (2005)). There were reported large eccentricity and in-
clination changes associated with the Kozai-Lidov mechanism inside the MMRs
(Gomes et al., 2005; Gallardo et al., 2012; Saillenfest et al., 2017; Saillenfest
and Lari, 2017). The exterior resonances with Neptune by themselves cannot
produce more than a small oscillation in the eccentricity in timescales of 104
years but once the TNO is captured in resonance very often the KL mechanism
appears driving large orbital changes in very long timescales (108 yrs). Figure 7
shows the orbital states from a numerical integration of fictitious particles with
initial perihelia close to Neptune that temporarily decoupled from the planet
rising their perihelia due to the simultaneous action of 1:k exterior resonances
with Neptune and the KL mechanism. It was also showed that, except for some
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particular inclinations around 63 or 117 degrees, non resonant orbits cannot ex-
perience large orbital changes. On the contrary, large orbital changes are very
common in the case of resonant ones (Gallardo et al., 2012; Saillenfest et al.,
2016, 2017). Large eccentricity TNOs are easily captured in 2BRs with Neptune
because the resonance’s strength is large for large eccentricities. Once they are
trapped in a 2BR the KL mechanism may appear driving the eccentricity to
oscillate slowly and with large amplitude and eventually diminishing to a value
small enough to break the resonant motion due to the drop in the resonance’s
strength or due to the change in the topology of the resonance (Gomes et al.,
2005; Brasil et al., 2014; Saillenfest et al., 2017). In consequence, the object
remains in the transneptunian region in an hibernation state with very large
perihelion distance, avoiding close encounters with Neptune. This is the mech-
anism that was proposed to explain the existence of eccentric large perihelion
TNOs decoupled from Neptune (Gomes et al., 2005), leaving aside theories in-
voking an unknown planet. In particular Saillenfest et al. (2017) showed that
almost all known distant TNOs are located near 2BRs with Neptune in a con-
figuration that could lead to large orbital variations due to the KL mechanism
with the exceptions of 2012 VP113 and Sedna.
Figure 7: Orbital states of fictitious TNOs evolving by 1 Gyr with initial inclinations between
20 and 70 degrees. Low perihelion objects experience a diffusion in a until getting trapped
in MMRs with Neptune and then they start to increase their perihelion distances due to KL
mechanism generating the vertical structures. Reproduced from Gallardo et al. (2012).
10
6. Three-body resonances and more planets come into play
While Jupiter’s resonant population was very well documented in the past,
more recently considerable progress has been done in the study of Neptune’s
resonant population (Gladman et al., 2012; Volk et al., 2016). Although along
the years there were found individual asteroids in resonance with some terrestrial
planets, only recently a large population of asteroids was identified in resonance
with Mars (Gallardo, 2007b; Gallardo et al., 2011), as well as some in resonance
with Venus, Earth, Saturn and Uranus (Gallardo, 2006; Connors et al., 2008;
de la Fuente Marcos and de la Fuente Marcos, 2013) and tens of asteroids in
coorbital motion with Ceres and Vesta (Christou and Wiegert, 2012). Ceres and
Vesta also imprint a secular dynamics on some asteroids as showed by Tsirvoulis
and Novakovic´ (2016).
Just after the study of resonances generated by massive bodies other than
Jupiter or Neptune started another type of MMR gained attention: resonances
involving two perturbing planets, referred to as 3BRs in this paper. When
trying to obtain the resonant disturbing function for an asteroid in a 3BR with
two planets we will face a very complicated problem. So complicated that
analytical expressions have been obtained for the planar case only (Nesvorny´
and Morbidelli, 1999). In the case of the 2BRs the disturbing function can be
obtained assuming fixed orbits for the two bodies, but in order to obtain the
disturbing function of a 3BR it is necessary to take into account the mutual
perturbations between the three bodies. In spite of the weaker nature of the
3BRs they are more dense originating a large amount of asteroids evolving in
3BRs mainly with Jupiter and Saturn (Smirnov and Shevchenko, 2013; Smirnov
et al., 2017). The traces of 3BR were even investigated in meteoroid streams
Sekhar et al. (2016).
In order to obtain a practical tool for studying the 3BRs in the space of
all orbital parameters Gallardo (2014) proposed a semianalytical method to
estimate the resonant disturbing function R(σ) and the resonance’s strength.
In analogy to 2BRs, following this method, it was possible to construct an atlas
of 3BRs in the Solar System. The 3BRs involving Jupiter and Saturn account
for several peaks of the histogram of proper a in figure 1 which are not related
to 2BRs (Gallardo, 2014). Even if the 3BRs are very weak, the dynamics they
can produce are very rich and still poorly understood. It is interesting to note
that there exist zero order 3BRs, that means q = |k0 + k1 + k2| = 0, a situation
that for the 2BRs is restricted only to the coorbital motion, that means, the
resonance 1:1. Zero order 3BRs have resonance strength independent of the
orbital eccentricity. This has a profound significance: zero eccentricity coplanar
orbits could be more affected by 3BRs than by 2BRs because 2BRs for zero
eccentricity coplanar orbits have zero strength. In the case of the Solar System,
it can be found that near a 3BR that involves Jupiter and Saturn, a high-order
2BR with Jupiter or Saturn may also be present as shown in the figure 8. This
can happen because the giant planets are close to mutual MMRs. Figure 8 shows
a dynamical map, representing variations in mean a, of a region in the main belt
showing two near MMRs that can be identified in figure 2: the 2BR 11:5 with
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Jupiter and the 3BR 1-3J+2S involving Jupiter and Saturn. The corresponding
critical angle for this 3BR is σ = λ0−3λJ+2λS . We can verify in the figure that
the width or strength of this 3BR is independent of the eccentricity because it
is of zero order, while the corresponding width or strength for the 2BR vanishes
with e because it is a high order resonance. Only for illustration, the position
of the asteroid 9864 evolving in the resonance 1-3J+2S is showed in the map.
An extensive survey of asteroids and TNOs in 3BRs with the planets in the
Solar System was recently done by Smirnov et al. (2017). According to this
work the most populated 3BRs in the asteroid belt are 2- 5J +2S, 1-3J+2S,
1-4J +2S and 1-3J +1S, each one with more than a thousand asteroids, and in
the transneptunian region the zero order resonance 2 +1U-3N houses 3 objects.
The interaction between 2BRs and 3BRs is a complex problem that has not
been studied yet but that certainly leads to chaotic diffusion. In fact figure 9
shows that the long lived asteroid belt is located inside a region with the lowest
density of MMRs.
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Figure 8: Dynamical map where the color scale represents variations in < a > in logarithmic
scale of base 10 obtained from numerical integrations of fictitious particles in the real planetary
system with initial conditions taken uniformly from a grid in (a, e). Each < a > is obtained
by means of a moving window of 1600 yrs (smaller than the libration period) and the plotted
∆ < a > correspond to the observed variations in a time span of 25000 yrs covering some
libration periods. The structure at the left is the six order 2BR 11:5 with Jupiter and the one
at the right is the zero order 3BR 1 - 3J + 2S showing a width of ∼ 0.004 au. L indicates
libration of the critical angle σ = λ0 − 3λJ + 2λS and C+ and C- indicate increasing and
decreasing circulation respectively. The left border of this 3BR can be approximately defined
by a straight line from (3.0753, 0) to (3.0794, 0.2) and the right border by a straight line from
(3.0795, 0) to (3.0835, 0.2). The approximate location of the asteroid 9864 is showed. The
initial inclination is 1.5 degrees corresponding to the orbital inclination of the same asteroid.
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Figure 9: Density of the strongest 2BRs and 3BRs per 0.1 au superimposed with an histogram
of the osculating semimajor axes of the asteroids (not in the same scale). For the computation
of the strengths of the 2BRs it was assumed a test body with e = 0.15, i = 5◦ and ω = 60◦
and were considered all resonances with all planets up to order 30. For the computation of
the strengths of the 3BRs it was assumed a test body with e = 0.2, i = 10◦ and ω = 60◦ and
were considered all resonances with all planets up to order 20.
7. Conclusion
Capture in resonance is a common orbital state that gives some stability,
at least temporarily, to minor bodies experiencing orbital diffusion between
the planets. In this period, numerical simulations and semi-analytical methods
showed the relevance of the exterior resonances of the type 1:k and 2:k in par-
ticular with Jupiter and Neptune. It was found that other planets also imprint
resonant signatures on asteroids and TNOs and the subtle presence of the 3BRs
was exposed. Properties such as width, strength, stickiness and time lead/lag
have been characterized, finding that all them are correlated. Semi-analytical
methods have been successful in describing the long term dynamics inside MMRs
and studies devoted to high-inclination resonant orbits showed a very different
panorama with respect to the planar case. Details of the process of capture in
resonance depends on the resonance’s strength, the other perturbations affect-
ing the minor body and the topology of the resonances in the spatial case. The
characterization of the full three dimensional structure in the space (a, e, i) of
the MMRs and the study of the process of capture in that space are some of
the next challenges. Surely, in order to achieve these objectives, advances in
the knowledge of the dynamics of resonant extrasolar systems will also play an
important role.
Acknowledgments. To the SOC of ACM2017 for the invitation to present
this work and to the anonymous referees that contributed substantially to im-
13
prove the original manuscript. I acknowledge support from the Comisio´n Secto-
rial de Investigacio´n Cient´ıfica (CSIC) of the University of the Republic through
the project CSIC Grupo I+D 831725 - Planetary Sciences.
References
Bailey, M.E., Chambers, J.E., Hahn, G., 1992. Origin of sungrazers - A frequent
cometary end-state. A&A 257, 315–322.
Bannister, M.T., Alexandersen, M., Benecchi, S.D., Chen, Y.T., Delsanti,
A., Fraser, W.C., Gladman, B.J., Granvik, M., Grundy, W.M., Guilbert-
Lepoutre, A., Gwyn, S.D.J., Ip, W.H., Jakubik, M., Jones, R.L., Kaib, N.,
Kavelaars, J.J., Lacerda, P., Lawler, S., Lehner, M.J., Lin, H.W., Lykawka,
P.S., Marsset, M., Murray-Clay, R., Noll, K.S., Parker, A., Petit, J.M., Pike,
R.E., Rousselot, P., Schwamb, M.E., Shankman, C., Veres, P., Vernazza,
P., Volk, K., Wang, S.Y., Weryk, R., 2016. OSSOS. IV. Discovery of a
Dwarf Planet Candidate in the 9:2 Resonance with Neptune. AJ 152, 212.
doi:10.3847/0004-6256/152/6/212, arXiv:1607.06970.
Bottke, Jr., W.F., Vokrouhlicky´, D., Rubincam, D.P., Nesvorny´, D., 2006. The
Yarkovsky and Yorp Effects: Implications for Asteroid Dynamics. Annual
Review of Earth and Planetary Sciences 34, 157–191. doi:10.1146/annurev.
earth.34.031405.125154.
Brasil, P.I.O., Gomes, R.S., Soares, J.S., 2014. Dynamical formation of de-
tached trans-Neptunian objects close to the 2:5 and 1:3 mean motion reso-
nances with Neptune. A&A 564, A44. doi:10.1051/0004-6361/201322041,
arXiv:1405.3249.
Christou, A.A., Wiegert, P., 2012. A population of Main Belt Asteroids co-
orbiting with Ceres and Vesta. Icarus 217, 27–42. doi:10.1016/j.icarus.
2011.10.016, arXiv:1110.4810.
Connors, M., Stacey, R.G., Wiegert, P., Brasser, R., 2008. Inner Solar System
dynamical analogs of plutinos. Icarus 194, 789–799. doi:10.1016/j.icarus.
2007.11.011.
de la Fuente Marcos, C., de la Fuente Marcos, R., 2013. Crantor, a short-lived
horseshoe companion to Uranus. A&A 551, A114. doi:10.1051/0004-6361/
201220646, arXiv:1301.0770.
Ellis, K.M., Murray, C.D., 2000. The Disturbing Function in Solar System
Dynamics. Icarus 147, 129–144. doi:10.1006/icar.2000.6399.
Ferna´ndez, J.A., Gallardo, T., Young, J.D., 2016. The end states of long-
period comets and the origin of Halley-type comets. MNRAS 461, 3075–3088.
doi:10.1093/mnras/stw1532, arXiv:1606.05603.
14
Ferna´ndez, J.A., Helal, M., Gallardo, T., 2017. Dynamical evolution and end
states of active and inactive Centaurs. submitted to PSS .
Ferraz-Mello, S. (Ed.), 2007. Canonical Perturbation Theories - Degenerate Sys-
tems and Resonance. volume 345 of Astrophysics and Space Science Library.
doi:10.1007/978-0-387-38905-9.
Gallardo, T., 2006. Atlas of the mean motion resonances in the Solar System.
Icarus 184, 29–38. doi:10.1016/j.icarus.2006.04.001.
Gallardo, T., 2007a. Evaluating the Signatures of the Mean Motion Resonances
in the Solar System. ArXiv e-prints arXiv:0708.2080.
Gallardo, T., 2007b. The Mars 1:2 resonant population. Icarus 190, 280–282.
doi:10.1016/j.icarus.2007.05.012.
Gallardo, T., 2014. Atlas of three body mean motion resonances in the So-
lar System. Icarus 231, 273–286. doi:10.1016/j.icarus.2013.12.020,
arXiv:1312.6068.
Gallardo, T., Coito, L., Badano, L., 2016. Planetary and satellite three body
mean motion resonances. Icarus 274, 83–98. doi:10.1016/j.icarus.2016.
03.018, arXiv:1603.06911.
Gallardo, T., Hugo, G., Pais, P., 2012. Survey of Kozai dynamics be-
yond Neptune. Icarus 220, 392–403. doi:10.1016/j.icarus.2012.05.025,
arXiv:1205.4935.
Gallardo, T., Venturini, J., Roig, F., Gil-Hutton, R., 2011. Origin and sus-
tainability of the population of asteroids captured in the exterior resonance
1:2 with Mars. Icarus 214, 632–644. doi:10.1016/j.icarus.2011.05.029,
arXiv:1105.5108.
Gladman, B., Lawler, S.M., Petit, J.M., Kavelaars, J., Jones, R.L., Parker,
J.W., Van Laerhoven, C., Nicholson, P., Rousselot, P., Bieryla, A., Ashby,
M.L.N., 2012. The Resonant Trans-Neptunian Populations. AJ 144, 23.
doi:10.1088/0004-6256/144/1/23, arXiv:1205.7065.
Gomes, R.S., Gallardo, T., Ferna´ndez, J.A., Brunini, A., 2005. On The Origin of
The High-Perihelion Scattered Disk: The Role of The Kozai Mechanism And
Mean Motion Resonances. Celestial Mechanics and Dynamical Astronomy
91, 109–129. doi:10.1007/s10569-004-4623-y.
Knezevic, Z., Lemaˆıtre, A., Milani, A., 2002. The Determination of Asteroid
Proper Elements. pp. 603–612.
Lykawka, P.S., Mukai, T., 2007. Resonance sticking in the scattered disk. Icarus
192, 238–247. doi:10.1016/j.icarus.2007.06.007, arXiv:0707.4301.
15
Malhotra, R., 1998. Orbital resonances and chaos in the solar system, in: In:
Lazzaro D, et al. (eds), Solar System Formation and Evolution, ASP Confer-
ence Series, pp. 37–63.
Milic´ Zˇitnik, I., Novakovic´, B., 2016. The Role of Mean-motion Resonances
in Semimajor Axis Mobility of Asteroids. ApJL 816, L31. doi:10.3847/
2041-8205/816/2/L31.
Morais, M.H.M., Giuppone, C.A., 2012. Stability of prograde and retrograde
planets in circular binary systems. MNRAS 424, 52–64. doi:10.1111/j.
1365-2966.2012.21151.x, arXiv:1204.4718.
Morais, M.H.M., Namouni, F., 2013a. Asteroids in retrograde resonance with
Jupiter and Saturn. MNRAS 436, L30–L34. doi:10.1093/mnrasl/slt106,
arXiv:1308.0216.
Morais, M.H.M., Namouni, F., 2013b. Retrograde resonance in the planar three-
body problem. Celestial Mechanics and Dynamical Astronomy 117, 405–421.
doi:10.1007/s10569-013-9519-2, arXiv:1305.0016.
Morbidelli, A., 2002. Modern Celestial Mechanics: aspects of solar system
dynamics.
Murray, C.D., Dermott, S.F., 1999. Solar System Dynamics.
Namouni, F., Morais, M.H.M., 2015. Resonance capture at arbitrary inclination.
MNRAS 446, 1998–2009. doi:10.1093/mnras/stu2199, arXiv:1410.5383.
Namouni, F., Morais, M.H.M., 2017. The disturbing function for polar Centaurs
and transneptunian objects. MNRAS 471, 2097–2110. doi:10.1093/mnras/
stx1714, arXiv:1707.02431.
Nesvorny´, D., Ferraz-Mello, S., Holman, M., Morbidelli, A., 2002. Regular
and Chaotic Dynamics in the Mean-Motion Resonances: Implications for the
Structure and Evolution of the Asteroid Belt. Asteroids III , 379–394.
Nesvorny´, D., Morbidelli, A., 1999. An Analytic Model of Three-Body Mean
Motion Resonances. Celestial Mechanics and Dynamical Astronomy 71, 243–
271.
Peale, S.J., 1976. Orbital resonances in the solar system. ARA&A 14, 215–246.
doi:10.1146/annurev.aa.14.090176.001243.
Roig, F., Simula, A., Ferraz-Mello, S., Tsuchida, M., 1998. The high-eccentricity
asymmetric expansion of the disturbing function for non-planar resonant
problems. A&A 329, 339–349.
Saillenfest, M., Fouchard, M., Tommei, G., Valsecchi, G.B., 2016. Long-term dy-
namics beyond Neptune: secular models to study the regular motions. Celes-
tial Mechanics and Dynamical Astronomy doi:10.1007/s10569-016-9700-5,
arXiv:1611.04457.
16
Saillenfest, M., Fouchard, M., Tommei, G., Valsecchi, G.B., 2017. Study
and application of the resonant secular dynamics beyond Neptune. Ce-
lestial Mechanics and Dynamical Astronomy 127, 477–504. doi:10.1007/
s10569-016-9735-7, arXiv:1611.04480.
Saillenfest, M., Lari, G., 2017. The long-term evolution of known resonant trans-
Neptunian objects. A&A 603, A79. doi:10.1051/0004-6361/201730525,
arXiv:1704.05881.
Sekhar, A., Asher, D.J., Vaubaillon, J., 2016. Three-body resonance in me-
teoroid streams. MNRAS 460, 1417–1427. doi:10.1093/mnras/stw1086,
arXiv:1605.06340.
Shevchenko, I.I. (Ed.), 2017. The Lidov-Kozai Effect; Applications in Exoplanet
Research and Dynamical Astronomy. volume 441 of Astrophysics and Space
Science Library. doi:10.1007/978-3-319-43522-0.
Smirnov, E.A., Dovgalev, I.S., Popova, E.A., 2017. Asteroids in three-
body mean motion resonances with planets. Icarus URL: http:
//www.sciencedirect.com/science/article/pii/S0019103517300386,
doi:https://doi.org/10.1016/j.icarus.2017.09.032.
Smirnov, E.A., Shevchenko, I.I., 2013. Massive identification of asteroids in
three-body resonances. Icarus 222, 220–228. doi:10.1016/j.icarus.2012.
10.034, arXiv:1206.1451.
Soja, R.H., Baggaley, W.J., Brown, P., Hamilton, D.P., 2011. Dynamical
resonant structures in meteoroid stream orbits. MNRAS 414, 1059–1076.
doi:10.1111/j.1365-2966.2011.18442.x.
Thomas, F., Morbidelli, A., 1996. The Kozai Resonance in the Outer Solar
System and the Dynamics of Long-Period Comets. Celestial Mechanics and
Dynamical Astronomy 64, 209–229. doi:10.1007/BF00728348.
Tsirvoulis, G., Novakovic´, B., 2016. Secular resonances with Ceres
and Vesta. Icarus 280, 300–307. doi:10.1016/j.icarus.2016.06.024,
arXiv:1607.02035.
Sˇidlichovsky´, M., 2005. A Non-Planar Circular Model for the 4/7 Resonance.
Celestial Mechanics and Dynamical Astronomy 93, 167–185. doi:10.1007/
s10569-005-7872-5.
Volk, K., Murray-Clay, R., Gladman, B., Lawler, S., Bannister, M.T., Kave-
laars, J.J., Petit, J.M., Gwyn, S., Alexandersen, M., Chen, Y.T., Lykawka,
P.S., Ip, W., Lin, H.W., 2016. OSSOS III Resonant Trans-Neptunian Popu-
lations: Constraints from the first quarter of the Outer Solar System Origins
Survey. AJ 152, 23. doi:10.3847/0004-6256/152/1/23, arXiv:1604.08177.
Wiegert, P., Connors, M., Veillet, C., 2017. A retrograde co-orbital asteroid of
Jupiter. Nature 543, 687–689. doi:10.1038/nature22029.
17
Wisdom, J., 1982. The origin of the Kirkwood gaps - A mapping for asteroidal
motion near the 3/1 commensurability. AJ 87, 577–593. doi:10.1086/113132.
Wisdom, J., 1985. A perturbative treatment of motion near the 3/1 commen-
surability. Icarus 63, 272–289. doi:10.1016/0019-1035(85)90011-9.
18
